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Abstract
Defining the real Lie superalgebra as real Z2–graded vector space we
classify real Manin supertriples and Drinfel’d superdoubles of superdi-
mensions (2, 2), (4, 2) and (2, 4). They can be used for construction of
σ–models on supergroups related by Poisson–Lie T–plurality.
1 Introduction
Manin triples and Drinfel’d doubles as well as their supersymmetric counterparts
are used for several purposes, e.g., for construction of solution of the Yang–
Baxter equations and their supersymmetric analogs [1, 2]. Because of that, many
cases of Manin triples, especially for simple superalgebras were constructed.
Further investigation and classification of Manin triples and Drinfel’d dou-
bles was boosted by discovery of Poisson–Lie T–duality of σ–models by Klimcˇ´ık
and Sˇevera[3]. The low dimensional cases became a convenient laboratory for
investigation of the Poisson–Lie T–duality and its extension to the concept of
Poisson–Lie T–plurality[3, 4].
As σ–models, where the Poisson–Lie T–plurality is used, are related to the
string theory it is natural to extend the Poisson–Lie T–plurality to the super-
symmetric structures either on the source space or in the target space. Useful
tool for understanding features of the Poisson–Lie T–plurality of σ–models with
supersymmetric target spaces is construction of simple and potentially solvable
cases. The first step for this is to find and classify the low dimensional Manin
supertriples and Drinfel’d superdoubles.
Several separate cases of low dimensional Manin supertriples or, equivalently,
superbialgebras were investigated in [5] and an attempt to classify the Manin
∗E–mail: hlavaty@fjfi.cvut.cz, vysokjan@fjfi.cvut.cz
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supertriples was done in [6]. Unfortunately, there are some omissions and re-
dundancies in that paper, probably because the authors considered only the
indecomposable superalgebras given in [7] and in some cases did not take into
account all isomorphisms to reduce the list of Manin supertriples.
In this paper we give lists of nonisomorphic real Manin supertriples in di-
mensions four and six, and classify the corresponding Drinfel’d superdoubles.
We consider only the cases with nontrivial odd and even parts as purely even
Drinfel’d doubles were classified in [8],[9],[10] and classification of the purely
odd ones is trivial as the superalgebras are (super)abelian.
2 Lie superalgebras, Manin supertriples and Drin-
fel’d superdoubles
The real Lie superalgebra S is defined[11] as real Z2–graded vector space V =
V0+˙V1 provided with Lie superbracket [ , ] satisfying
[x, y] = −(−1)|x||y|[y, x], (1)
(−1)|x||z|[x, [y, z]] + (−1)|y||x|[y, [z, x]] + (−1)|z||y|[z, [x, y]] = 0, (2)
where x, y, z ∈ V0 ∪ V1 are so called homogeneous elements of V and
|x| := 0 if x ∈ V0, |x| := 1 if x ∈ V1. (3)
We say that the superalgebra is of the superdimension (m,n) iff dimV0 = m
and dimV1 = n. We can always choose so called homogeneous basis {XI} in V
{XI}m+nI=1 = {bi, fα}m,ni,α=1, |bi| = 0, |fα| = 1.
The indecomposable superalgebras up to the dimension 4 were classified in
[7]. In the Tables 1,3,6 we list all two and three–dimensional superalgebras with
nontrivial odd part1. All of them are solvable. For later use we include also the
decomposable ones as they can produce indecomposable Manin supertriples.
A bilinear form 〈., .〉 on S is called supersymmetric iff
〈x, y〉 = (−1)|x||y|〈y, x〉
and it is called super ad-invariant iff
〈[x, y], z〉+ (−1)|x||y|〈y, [x, z]〉 = 0. (4)
To evade the problems with definitions of supergroups we shall define the
Drinfel’d superdoubles only on the algebraic level. The Lie superalgebra D pro-
vided with bilinear nondegenerate supersymmetric and super ad-invariant form
〈., .〉 will be called Drinfel’d superdouble iff it can be decomposed into a pair of
maximally isotropic subalgebras S, S˜ such that D = S+˙S˜. The triple (D,S, S˜)
1By Am,n we denote the Abelian superalgebra of the superdimension (m,n).
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is called Manin supertriple[12]. It follows immediately from the properties of
〈., .〉 that dim S = dim S˜ so that the dimension of D is always even.
Let D and D′ are Drinfel’d superdoubles with bilinear forms 〈., .〉 and 〈., .〉′.
They will be called isomorphic iff there is an isomorphism P : D → D′ of the
superalgebras such that
(∀x, y ∈ D) (〈x, y〉 = 〈Px, Py〉′).
The Manin supertriples (D,S, S˜), (D′,S ′, S˜ ′) will be called isomorphic iff there
is an isomorphism P of their Drinfel’d superdoubles such that
P (S) = S ′, P (S˜) = S˜ ′.
Below we shall denote the Manin supertriples (D,S, S˜) as (S|S˜).
In the following we shall assume that the Manin supertriples are so called
boson – fermion orthogonal 2, i.e.
〈S0, S˜1〉 = 〈S1, S˜0〉 = 0. (5)
It follows from the boson – fermion orthogonality that the superdimensions of
the superalgebras S and S˜ coincide, i.e. (m,n) = (m˜, n˜), and in such Manin
supertriples we can choose dual homogeneous basis
{XI , X˜J}m+nI,J=1 = {bi, fα, b˜j , f˜β}m,n,m,ni,α,j,β=1 (6)
where
|bi| = |˜bj | = 0, |fα| = |f˜β | = 1,
〈bi, b˜j〉 = 〈˜bj , bi〉 = δji , 〈fα, f˜β〉 = −〈f˜β, fα〉 = δβα (7)
〈bi, bj〉 = 〈bi, fα〉 = 〈bi, f˜β〉 = 〈fα, bj〉 = 〈fα, fβ〉 = 〈fα, b˜j〉 = 0
〈˜bj , b˜i〉 = 〈˜bj , fα〉 = 〈˜bj , f˜β〉 = 〈f˜β , bj〉 = 〈f˜β , b˜j〉 = 〈f˜β, f˜α〉 = 0
The block matrix of the bilinear form 〈., .〉 in this basis is
B =


0 0 1m 0
0 0 0 1n
1m 0 0 0
0 −1n 0 0

 , (8)
where 1k is the identity matrix of dimension k. It is obvious that the superdi-
mension of these Manin supertriples and Drinfel’d superdoubles is (2m, 2n).
A special type of the Drinfel’d superdouble isomorphism is T–duality that is
the linear transformation T : D → D
T : bi 7→ b˜i, fα 7→ f˜α, b˜j 7→ bj , f˜β 7→ −fβ.
2The other, rather exotic, possibilities were discussed in the bachelor thesis of J. Vysoky´
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Its transformation matrix is equal to B. Clearly T (S|S˜) = (S˜|S) and we shall
call the Manin supertriple (S˜|S) dual to (S|S˜). They are not isomorphic in
general.
Due to the super ad-invariance of 〈., .〉 structure coefficients of the Manin
supertriple (S|S˜) in the dual basis are given by structure coefficients of the
subalgebras S and S˜
[XI , Xj ] = FIJ
KXK , [X˜
I , X˜J ] = F˜ IJKX˜
K (9)
as
[XI , X˜
J ] = F˜ JKIXK + FKI
JX˜K . (10)
Jacobi identities (2) for the Drinfel’d superdouble then imply the compatibility
conditions for the subalgebras of the Manin supertriple (S|S˜).
We are going to classify the Manin supertriples and Drinfel’d superdoubles
with nontrivial odd and even parts. As stated above their dimension is always
even and two dimensional cases are (super)abelian. It means that the simplest
interesting cases have dimensions four and six.
3 Method of classification
To classify the Manin supertriples and Drinfel’d superdoubles of superdimension
(2m, 2n) we start with a superalgebra S of the superdimension (m,n) and look
for structure coefficients of dual superalgebra S˜ by solving Jacobi identities
(−1)|X˜I ||X˜K |[X˜I , [X˜J , X˜K ]] + cyclic{I, J,K} = 0 (11)
and
(−1)|X˜I ||XK |[X˜I , [X˜J , XK ]] + cyclic{I, J,K} = 0. (12)
We assume that the super Lie brackets are in the form (9,10) that means that
we work in the dual homogeneous bases (6) of Manin supertriples.
Next step is search for a list of different classes of isomorphic Manin su-
pertriples and a choice of ”canonical” forms of structure coefficients F˜ IJK for
each class. The isomorphic triples are related by the transformations of dual
homogeneous bases that can be written in the block form as(
X ′
X˜ ′
)
=
(
A 0
0 (A−1)T
)(
X
X˜
)
, (13)
where (X, X˜)T and (X ′, X˜ ′)T are dual homogeneous bases of the Manin super-
triples and A’s are (block diagonal) matrices of the group of automorphisms of
the superalgebra S.
Finally we classify the Drinfel’d superdoubles by looking for the classes of
Manin supertriples that are isomorphic as Drinfel’d superdoubles. By definition
the Drinfel’d superdoubles D and D′ are isomorphic if there is a linear bijection
that transforms grading, bilinear form and algebraic structure of D into those
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of D′. If dual homogeneous bases are chosen in both of them then it means that
there is 2(m+ n)× 2(m+ n) matrix C of the block form
C =
(
P Q
R U
)
(14)
where P,Q,R, U are (m + n) × (m + n) block diagonal matrices and elements
of C satisfies equations
Ca
pCb
qBpq = Bab, Ca
pCb
qFpqr = F ′abcCcr, (15)
where B is the matrix (8) and F ,F ′ are structure coefficients of the Drinfel’d
superdoubles D and D′.
4 Classification in superdimensions (2, 2), (4, 2)
and (2, 4)
As mentioned in the Introduction it is relevant to consider only the superalgebras
with nontrivial both even and odd part i.e. dimV0, dimV1 ≥ 1, i.e. the Manin
supertriples and Drinfel’d superdoubles of superdimensions (2, 2), (4, 2) and
(2, 4). Applying the method from the previous Section we get the following
results.
4.1 Manin supertriples and Drinfel’d superdoubles of the
superdimension (2, 2)
The maximal isotropic subalgebras S and S˜ of Manin supertriples of superdi-
mension (2, 2) must have superdimensions (1, 1). They must be isomorphic to
those given in the Table 1 and one can choose the super Lie brackets of S in
the form given there.
Table 1: Nonisomorphic Lie superalgebras of the superdimension (1,1)
Name Nonzero super Lie brackets
A11 Abelian
N11 = q(1) [f1, f1] = b1 Nilpotent
S11 = P (1) [b1, f1] = f1 Solvable
For each S from the Table 1 it is then rather easy to calculate the structure
coefficients of the dual algebras S˜ satisfying (11) and (12) and use the groups
of automorphisms of S for finding five classes of nonisomorphic Manin super-
triples (S|S˜) of the superdimension (2, 2). They are listed in the Table 2. Note
that even though the superalgebra A11 is decomposable the semiabelian Manin
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supertriples (N11|A11) and (S11|A11) are indecomposable. Traditional notation
for (C2−1 +A) is gl(1|1) and the T–dual to the Manin supertriple 4 (i.e. ǫ = +1
appears in [13] as a bialgebra on q(1).
Table 2: List of nonisomorphic Manin supertriples of the superdimension (2, 2)
up to T–duality
(S|S˜) Nonzero super Lie brackets Backhouse’s classification
1 (A11|A11) Abelian
2 (N11|A11) [f1, f1] = b1, [f1, b˜1] = f˜1, (C3 +A)
3 (S11|A11) [b1, f1] = f1, [b1, f˜1] = −f˜1, (C2−1 +A)
[f1, f˜1] = b˜1
4,5 (S11|N ǫ11) [b1, f1] = f1, [b1, f˜1] = ǫ f1 − f˜1, ∼= (C2−1 +A)
ǫ = ±1 [f1, f˜1] = b˜1, [f˜1, f˜1] = ǫ b˜1
As indicated in the Table 2, the Manin supertriples (S11|A11) and (S11|N ǫ11)
are isomorphic as superalgebras and one can find an isomorphism that preserve
also the bilinear form 〈., .〉 so that they belong (together with their T–duals)
to the same Drinfel’d superdouble. The isomorphism of Manin supertriples
between (S11|A11) and (S11|N ǫ11) is given by the matrix
C =


1 0 0 0
0 1 0 0
0 0 1 0
0 ǫ/2 0 1

 ,
i.e. by the transformation
(b′1, f
′
1, b˜
1
′
, f˜1
′
) = (b1, f1, b˜1, f˜1 +
1
2
ǫf1), (16)
where (b1, f1, b˜1, f˜1) are generators of the Manin supertriple (S11|A11) and
(b′1, f
′
1, b˜
1
′
, f˜1
′
) are generators of the Manin supertriples (S11|N ǫ11). We get the
folowing theorem.
Theorem 1 Any real Drinfeld superdouble of the superdimension (2,2) belongs
just to one of the following 3 classes and allows decomposition into all Manin
supertriples listed in the class and their duals (S ↔ S˜).
DD(2,2) I : (A11|A11),
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DD(2,2) II : (N11|A11),
DD(2,2) III : (S11|A11), (S11|N ǫ11), ǫ = ±1.
4.2 Manin supertriples and Drinfel’d superdoubles of the
superdimension (4, 2)
The real Lie superalgebras of the superdimension (2,1) and their groups of
automorphisms are listed3 in the Table 3.
Table 3: Three–dimensional superalgebras of the superdimension (2,1)
Name Nonzero super Lie brackets Group of automorphisms Comments
A21

 a b 0c d 0
0 0 k


N21 [f1, f1] = b1

 d2 0 0b a 0
0 0 d

 = N11 ⊕A10
S21 [b1, f1] = f1

 1 b 00 c 0
0 0 d

 = S11 ⊕A10
C1p [b1, b2] = b2, [b1, f1] = p f1

 1 b 00 c 0
0 0 d

 p ∈ R
F [b1, b2] = b2, [b1, f1] =
1
2 f1, [f1, f1] = b2

 1 b 00 d2 0
0 0 d


By checking the Jacobi identities and employing the groups of automor-
phisms of the superalgebra S we find that there are 14 classes of real Manin
supertriples of the superdimension (4,2) up to the T–duality. They are listed in
the Table 4.
To classify the Drinfel’d superdoubles it is useful to determine the dimensions
of multiple commutants C1 = [D,D], C2 = [C1, C1], . . . of the Manin supertriples.
This sorts them out into eight classes that finally turn out to be the Drinfel’d
superdoubles. The only exception are the Manin supertriples with dim C1 =
3, dim C2 = 1 but the superdimensions of their subalgebras C1 are (1,2) and
(3,0) so that they belong to nonisomorphic Drinfel’d superdoubles. The classes
3Differently from [7] we have denoted the superalgebra C1
1
2
as F because it differs from
C1
p=
1
2
.
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are displayed in the Table 5. The Drinfel’d superdouble isomorfisms among the
corresponding Manin supertriples are given in the Appendix A.
Theorem 2 Any real Drinfel’d superdouble of the superdimension (4,2) belongs
just to one of the following classes and allows decomposition into nonisomorphic
Manin supertriples listed in the class and their duals (S ↔ S˜).
DD(4,2) I : (A21|A21),
DD(4,2) II : (N21|A21),
DD(4,2) III : (S21|A21), (S21|N ǫ21), (S21|S21),
DD(4,2) IV0 : (C
1
0 |A21) = (C10 |C10 , κ), (C1p |C1−p), p = κ = 0,
DD(4,2) IVκ : (C
1
0 |C10 , κ), κ 6= 0,
DD(4,2) V : (C
1
0 |N ǫ21),
DD(4,2) V Ip : (C
1
±p|A21), (C1±p|N ǫ21), (C1p |C1−p), p > 0,
DD(4,2) V II : (F |A21), (C1p= 1
2
|N˜21), (F |F.i, ǫ), (F |C1,ǫp=− 1
2
),
DD(4,2) V IIIκ : (F |F.ii, κ).
4.3 Manin supertriples and Drinfel’d superdoubles of the
superdimension (2, 4)
The real Lie superalgebras of the superdimension (1,2) togeher with their groups
of automorphisms are listed in the Table 6.
The Jacobi identities imply that the Manin supertriples of the superdi-
mension (2, 4) are only of the forms (C|Nα,β,γ12 ) or their T–duals, where C =
A12, C
2
p , C
3, C4, C5p , and N
α,β,γ
12 are superalgebras with super Lie products
[f˜1, f˜1] = α b˜1, [f˜1, f˜2] = β b˜1, [f˜2, f˜2] = γ b˜1. (17)
They are isomorphic to N ǫ12 = N
1,0,ǫ
12 or N
0
12 = N
1,0,0
12 or A12 = N
0,0,0
12 .
Using the automorphisms of A12, C
2
p , C
3, C4, C5p displayed in the Table 6 we
find that there are 31 classes of Manin supertriples of the superdimension (2,4)
up to the T–duality. They are listed in the Table 7.
We shall show that in many cases the Manin supertriples (C|Nα,β,γ12 ) be-
long to the same Drinfel’d superdouble as the semiabelian (C|A12), in other
words, there are linear transformations between the basis (b1, f1, f2, b˜1, f˜1, f˜2)
of (C|A12) and (b′1, f ′1, f ′2, b˜1
′
, f˜1
′
, f˜2
′
) of (C|Nα,β,γ12 ) that preserve the bilin-
ear form 〈., .〉 and transform the super Lie brackets of (C|A12) into those of
(C|Nα,β,γ12 ).
Let the Manin supertriple (C|Nα,β,γ12 ) is given by super Lie brackets of S
and S˜
[b′1, f
′
j] = Hj
kf ′k, [f˜ j
′
, f˜k
′
] = Gjk b˜1
′
, j, k ∈ {1, 2}, (18)
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i.e.
Gjk =
(
α β
β γ
)
.
The only nonzero super Lie brackets of (C|A12) are
[b1, fj ] = Hj
kfk, [fj , f˜k] = Hj
k b˜1, [b1, f˜k] = −Hjkf˜ j. (19)
Let the transformation of bases is given by the symmetric matrix Rjk
(b′1, f
′
1, f
′
2, b˜
1
′
, f˜1
′
, f˜2
′
) = (b1, f1, f2, b˜1, f˜1 +R
1kfk, f˜2 +R
2kfk). (20)
It is easy to see that this transformation preserves the bilinear form 〈., .〉 and
[f˜ j
′
, f˜k
′
] = (RjlHl
k +RklHl
j)b˜1
′
. (21)
The super Lie brackets of (18) then can be obtained by solving Rjk from the
equation
RjlHl
k +RklHl
j = Gjk. (22)
It can be solved for general Gjk iff Trace H 6= 0 and det H 6= 0. These
conditions are satisfied for C4, C2p , p 6= −1, 0 and C5p , p 6= 0. In the exceptional
cases the equation (22) can be solved for particular values of Gjk, namely, for
C20 and C
3 only if G33 = γ = 0, for C2−1 only if G
23 = β = 0, and for C50 only
if G33 = γ = −G22 = −α. These cases are not isomorphic to the semiabelian
Manin supertriples (C|A12), but e.g. to (C|N0,0,112 ). The isomorphisms are given
in the Appendix B.
We get the folowing theorem.
Theorem 3 Any real Drinfel’d superdouble of the superdimension (2,4) belongs
just to one of the following classes and allows decomposition into all Manin
supertriples listed in the class and their duals (S ↔ S˜).
DD(2,4) I : (A12|A12),
DD(2,4) IIp : (C
2
±p|Nα,β,γ12 ), 0 < p < 1,
DD(2,4) II1 : (C
2
1 |Nα,β,γ12 ), (C2−1|Nλ,0,κ12 ),
DD(2,4) II0 : (C
2
0 |Nα,β,012 ),
DD(2,4) III : (C
3|Nα,β,012 ), (A12|Nλ,κ,γ12 ), λγ < κ2,
DD(2,4) IV : (C
4|Nα,β,γ12 ), (C2−1|Nλ,κ,ρ12 ), κ 6= 0,
DD(2,4) Vp : (C
5
p |Nα,β,γ12 ), p > 0,
DD(2,4) V0 : (C
5
0 |Nα,β,−α12 ),
DD(2,4) V I : (C
2
0 |Nα,β,γ12 ), γ 6= 0,
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DD(2,4) V II : (C
3|Nαβ,γ12 ), γ 6= 0,
DD(2,4) V III : (C
5
0 |Nα,β,γ12 ), α 6= −γ,
DD(2,4) IX : (A12|Nα,β,γ12 ), αγ > β2,
DD(2,4) X : (A12|Nα,β,γ12 ), (α, β, γ) 6= (0, 0, 0), αγ = β2.
Note that the Drinfel’d superdoubles do not depend on the parameters of
Manin supertriples α, β, γ, κ ∈ R. The Drinfel’d superdoubles IIp - V0 and
IX,Xcan be called semiabelian as they are isomorphic to (S|A12). Dimensions
of commutants of some Drinfel’d superdoubles given above, are equal and we
are able to prove their nonisomorphicity only by the computer calculations.
5 Conclusion
We have classified real Manin supertriples and Drinfel’d superdoubles of the
superdimensions (2,2), (4,2) and (2,4), i.e real Lie superalgebras provided with
with bilinear nondegenerate supersymmetric and super ad-invariant form such
that they can be decomposed into a pair of maximally isotropic subalgebras.
It turned out that nearly all investigated Drinfel’d superdoubles contain
more than one pair of nonisomorphic dual Manin supertriples. This gives us the
possibility to apply the Poisson–Lie T–plurality to σ–models whose targets are
supergroups.
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Appendix A. Isomorfisms of the Drinfel’d super-
doubles of the superdimension (4,2)
DD(4,2)III :
(S21|A21)→ (S21|N ǫ21) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 ǫ2 0 0 1


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(S21|A21)→ (S21|S21) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0
−1 0 0 0 1 0
0 0 0 0 0 1


DD(4,2)IV0 :
(C10 |A21)→ (C1p |C1−p), p = 0 : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 1 0 0
−1 0 0 0 1 0
0 0 0 0 0 1


DD(4,2)V :
(C10 |N+21)→ (C10 |N−21) : C =


−1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 −1 0 0
0 1 0 0 0 0
0 0 0 0 0 1


DD(4,2)VIp :
(C1p |A21)→ (C1−p|A21) : C =


−1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 −1 0 0
0 1 0 0 0 0
0 0 0 0 0 1


(C1p |A21)→ (C1p |N ǫ21) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 ǫ2p 0 0 1


(C1p |A21)→ (C1p |C1−p, ǫ) : C =


1 0 0 0 1 0
0 1 0 −1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 1


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DD(4,2)VII :
(F |A21)→ (C1p= 1
2
|N˜21) : C =


−1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 −1 0 0
0 1 0 0 0 0
0 0 −1 0 0 0


(F |A21)→ (F |F.i, ǫ) : C =


1 0 0 0 ǫ 0
0 1 0 −ǫ 0 0
0 0 ǫ 0 0 −1
0 ǫ 0 0 0 0
−ǫ 0 0 0 0 0
0 0 1 0 0 0


(F |A21)→ (F |C1,ǫp=− 1
2
) : C =


1 0 0 0 ǫ 0
0 1 0 −ǫ 0 0
0 0 ǫ 0 0 −1
0 ǫ 0 0 0 0
−ǫ 0 0 0 0 0
0 0 0 0 0 ǫ


Appendix B. Isomorfisms of the Drinfel’d super-
doubles of the superdimension (2,4)
DD(2,4)IIp, p 6= −1,0 :
(C2p |A12)→ (C2p |Nα,β,γ12 ) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 α2
β
p+1 0 1 0
0 β
p+1
γ
2p 0 0 1


(C2p |A12)→ (C2−p|A12) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 −1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 1 0 0 0


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DD(2,4)II1 :
(C21 |A12)→ (C21 |Nα,β,γ12 ) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 α2
β
2 0 1 0
0 β2
γ
2 0 0 1


(C2−1|A12)→ (C21 |A12) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 −1 0 0 0


DD(2,4)II0 :
(C20 |A12)→ (C20 |Nα,β,012 ) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 α2 β 0 1 0
0 β 0 0 0 1


DD(2,4)III :
(C3|A12)→ (C3|Nα,β,012 ) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 α2 0 1 0
0 α2 β 0 0 1


(C3|A12)→ (A12|Nλ,κ,γ12 ) : C =


ρ2 0 0 0 0 0
0 12 0 0 0 γ
0 ρ−κ2γ 0 0 0 −κ− ρ
0 0 0 1
ρ2
0 0
0 0 κ−ρ2γρ 0
κ+ρ
ρ
0
0 0 12ρ 0
γ
ρ
0


, ρ =
√
κ2 − λγ
DD(2,4)IV :
(C4|A12)→ (C4|Nα,β,γ12 ) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 α2 − β2 + γ4 β2 − γ4 0 1 0
0 β2 − γ4 γ2 0 0 1


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(C4|A12)→ (C2−1|Nα,κ,γ12 ) : C =


1 0 0 0 0 0
0 − 1
κ
0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 − α2κ 0 0 −κ 0
0 0 −1 0 0 − γ2


, κ 6= 0
DD(2,4)Vp, p 6= 0 :
(C5p |A12)→ (C5p |Nα,β,γ12 ) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 2αp
2−2βp+α+γ
4(p3+p)
α+2pβ−γ
4p2+4 0 1 0
0 α+2pβ−γ4p2+4
2γp2+2βp+α+γ
4(p3+p) 0 0 1


DD(2,4)V0 :
(C50 |A12)→ (C50 |Nα,β,−α12 ) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 α2 0 1 0
0 α2 β 0 0 1


DD(2,4)VI :
(C20 |N0,0,112 )→ (C20 |Nα,β,γ12 ) : C =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 − 1√
γ
0 0 0
0 0 0 1 0 0
0 α2 − β√γ 0 1 0
0 β 0 0 0 −√γ


, γ > 0
(C20 |N0,0,112 )→ (C20 |Nα,β,γ12 ) : C =


−1 0 0 0 0 0
0 0 0 0 1 0
0 0 1√−γ 0 0 0
0 0 0 −1 0 0
0 −1 β√−γ 0 α2 0
0 0 0 0 β
√−γ


, γ < 0
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DD(2,4)VII :
(C3|N0,0,112 )→ (C3|Nαβ,γ12 ) : C =


γ 0 0 0 0 0
0 γ 0 0 0 0
0 0 1 0 0 0
0 0 0 1
γ
0 0
0 0 α2 0
1
γ
0
0 αγ2 β 0 0 1


, γ 6= 0
DD(2,4)VIII :
(C50 |N0,0,112 )→ (C50 |Nα,β,γ12 ) : C =


ǫ 0 0 0 0 0
0 − 1√|α+γ| 0 0 0 0
0 0 −ǫ 1√|α+γ| 0 0 0
0 0 0 ǫ 0 0
0 β√|α+γ| −ǫ
α
2
√
|α+γ| 0 −
√
|α+ γ| 0
0 − α
2
√
|α+γ| 0 0 0 −ǫ
√
|α+ γ|


,
α+ γ 6= 0, ǫ = sign(α+ γ)
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Table 4: List of nonisomorphic Manin supertriples of the superdimension (4, 2)
up to T–duality.
MT(4,2) S S˜ Nonzero super Lie brackets Comments
1 A21 A21
N21 [f1, f1] = b1
2 A21
S21 [b1, f1] = f1
3 A21
4 N ǫ21 [f˜
1, f˜1] = ǫ b˜1 ǫ = ±1
5 S21 [b˜2, f˜1] = f˜1
C1p [b1, b2] = b2, [b1, f1] = p f1 p ∈ R
6 A21
7 N ǫ21 [f˜
1, f˜1] = ǫ b˜1 ǫ = ±1
8 C˜1−p [b˜1, b˜2] = b˜1, [b˜2, f˜1] = p f˜1
9 N˜21 [f˜1, f˜1] = b˜2 p =
1
2
10 C10 , κ [b˜
1, b˜2] = κ b˜2 p = 0, κ 6= 0
F [b1, b2] = b2, [b1, f1] =
1
2 f1, [f1, f1] = b2
11 A21
12 C1,ǫ
p=− 1
2
[b˜1, b˜2] = ǫ b˜1, [b˜2, f˜1] = 12ǫ f˜
1 ǫ = ±1
13 F.i, ǫ [b˜1, b˜2] = ǫ b˜1, [b˜2, f˜1] = − 12ǫ f˜1, [f˜1, f˜1] = ǫ b˜1 ǫ = ±1
14 F.ii, κ [b˜1, b˜2] = κ b˜2, [b˜1, f˜1] = 12κ f˜
1, [f˜1, f˜1] = κ b˜2 κ 6= 0
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Table 5: Invariants of the Manin supertriples of the superdimension (4,2)
Dim. of Manin supertriples Drinfel’d superdouble
C1, C2, C3 MT(4,2) DD(4,2)
0, 0, 0 (A21|A21) I
2, 0, 0 (N21|A21) II
3, 1, 0 (S21|A21), (S21|N ǫ21) , (S21|S21) III
3, 1, 0 (C10 |A21) = (C10 |C10 , κ), (C1p |C1−p), p = κ = 0 IV0
3, 3, 3 (C10 |C10 , κ) IVκ, κ 6= 0
4, 1, 0 (C10 |N ǫ21) V
5, 1, 0 (C1p |A21), (C1p |N ǫ21), (C1p |C1−p) V Ip, p > 0
5, 3, 0 (F |A21), (C1p= 1
2
|N21), (F |F.i, ǫ), (F |C1,ǫp=− 1
2
) V II
5, 5, 5 (F |F.ii, κ) V IIIκ
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Table 6: Superalgebras of the superdimension (1,2)
Name Nonzero super Lie brackets Group of automorphisms
A12

 k 0 00 a b
0 c d


N012 [f1, f1] = b1

 a2 0 00 a b
0 0 d


N ǫ12
ǫ = ±1 [f1, f1] = b1, [f2, f2] = ǫ b1

 d2 + ǫ c2 0 00 ∓ǫ d ±c
0 c d


C2−1 [b1, f1] = f1, [b1, f2] = −f2

 −1 0 00 0 b
0 c 0

 ,

 1 0 00 c 0
0 0 d


C2p
−1 < p < 1 [b1, f1] = f1, [b1, f2] = p f2

 1 0 00 c 0
0 0 d


C21 [b1, f1] = f1, [b1, f2] = f2

 1 0 00 a b
0 c d


C3 [b1, f2] = f1

 a 0 00 ad 0
0 c d


C4 [b1, f1] = f1, [b1, f2] = f1 + f2

 1 0 00 a 0
0 c a


C5p
p > 0
[b1, f1] = p f1 − f2, [b1, f2] = f1 + p f2

 1 0 00 a −c
0 c a


C50 [b1, f1] = −f2, [b1, f2] = f1

 ±1 0 00 ±a ∓c
0 c a


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Table 7: List of nonisomorphic Manin supertriples of the superdimension (2, 4)
up to T–duality, ǫ, ǫ1, ǫ2 = ±1, δ = 0, 1.
MT(2,4) S S˜ Comments
1–3 A12 A12, N
1,0,0
12 , N
1,0,ǫ
12
4 – 8 C2p A12, N
0,1,0
12 , N
0,δ,ǫ
12 , N
ǫ,δ,0
12 , N
ǫ1,κ,ǫ2
12 |p| < 1, κ ≥ 0
9 – 12 C21 A12, N
ǫ,0,ǫ
12 , N
1,0,−1
12 , N
0,0,ǫ
12
13 – 17 C2−1 A12, N
0,1,0
12 , N
0,δ,ǫ
12 , N
1,κ,1
12 , N
ǫ,κ,−ǫ
12 κ ≥ 0
18 – 22 C3 A12, N
ǫ,0,1
12 , N
1,0,0
12 , N
0,ǫ,0
12 , N
0,0,1
12
23 – 26 C4 A12, N
ǫ,0,0
12 , N
0,ǫ,0
12 , N
κ,0,ǫ
12 κ ∈ R
27 – 29 C5p A12, N
κ,0,ǫ
12 , N
−1,0,−1
12 p > 0, −1 < κ ≤ 1
30, 31 C5p=0 A12, N
κ,0,1
12 −1 ≤ κ ≤ 1
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